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Abstract. Recent analyses in the literature suggest that the concordance ΛCDM model
with rigid cosmological term, Λ =const., may not be the best description of the cosmic
acceleration. The class of “running vacuum models”, in which Λ = Λ(H) evolves with
the Hubble rate, has been shown to fit the string of SNIa+BAO+H(z)+LSS+CMB
data significantly better than the ΛCDM. Here we provide further evidence on the
time-evolving nature of the dark energy (DE) by fitting the same cosmological data in
terms of scalar fields. As a representative model we use the original Peebles & Ratra
potential, V ∝ φ−α. We find clear signs of dynamical DE at ∼ 4σ c.l., thus reconfirming
through a nontrivial scalar field approach the strong hints formerly found with other
models and parametrizations.
1
1 Introduction
It is an observational fact that the Universe is in accelerated expansion [1, 2]. The agent responsible
for it has not been precisely identified, it is generically called the dark energy (DE). The simplest
hypothesis for the DE is to associate it with a positive cosmological constant (CC) in Einstein’s
equations, denoted Λ. This is at least the picture advocated by the standard or “concordance”
ΛCDM model, which is fairly consistent with numerous observations [3].
However, the Λ-term is usually associated with the vacuum energy density ρΛ = Λ/(8piG) (G
being Newton’s gravitational coupling) and this leads to the so-called cosmological constant (CC)
problem [4, 5, 6, 7], which appears because the prediction for Λ in quantum field theory (QFT)
differs from the measured value of ρΛ by many orders of magnitude [1, 2, 3]. For this reason it
has been suggested that it would help to alleviate such problem, including the associated cosmic
coincidence problem [8, 9, 10], if the DE would be dynamical, i.e. slowly evolving with the cosmic
expansion. This could be achieved e.g. through scalar field models. They have been proposed in
the past either to adjust dynamically the value of the vacuum energy [11] in different versions (e.g.
the cosmon [12]) or to endow the DE of a convenient dynamics with the notion of quintessence, etc.
[8, 9, 13, 14, 15, 16], see also [5, 6, 7, 17]. Many other proposals have been considered, in particular
the possibility that the Λ-term acquires some phenomenological ad hoc evolution with the cosmic
time [18]. Ultimately this matter should be settled empirically, and, interestingly enough, this is
possible at present owing to the rich wealth of cosmological data at our disposal.
For example, the possibility of a dynamical vacuum energy density slowly evolving with the
Hubble rate, ρΛ = ρΛ(H), has recently been explored in detail. Some of these models, particularly
the class of running vacuum models (RVM’s) (cf. e.g. the reviews [19, 20, 21]), have been put
to the test. These models have an interesting theoretical motivation grounded in QFT in curved
spacetime. Although a general Lagrangian formulation comparable to that of scalar fields has
not been found at the moment, a non-local effective action description can be obtained in certain
cases [19, 22]. Phenomenologically, the RVM’s have recently been carefully confronted againts
observations and with significant success. For example, the analysis of [23] reveals that they fit
better the cosmological data than the ΛCDM at a confidence level of around 3σ. This significance
has recently been promoted to 4σ in [24, 25], see also [21] for a summary. The next natural question
that can be formulated is whether the traditional class of φCDM models, which do have a local
Lagrangian description, and in which the DE is described in terms of a scalar field φ with some
standard form for its potential V (φ), are also capable of capturing clear signs of dynamical DE
using the same set of cosmological observations used for fitting the RVM.
We devote this Letter to show that, indeed, it is so. We compare these two kind of different
models and also with the results obtained using the well-known XCDM [26] and CPL[27, 28, 29]
parametrizations of the DE. The upshot is that we are able to collect further evidence on the time
evolution of the DE from different types of models at a confidence level of ∼ 4σ. This result is very
encouraging and suggests that the imprint of dynamical DE in the modern data is fairly robust
and can be clearly decoded using independent formulations.
2
2 φCDM with Peebles & Ratra potential
Suppose that the dark energy is described in terms of some scalar field φ with a standard form for
its potential V (φ), see below. We wish to compare its ability to describe the data with that of the
ΛCDM, and also with other models of DE existing in the literature. The data used in our analysis
will be the same one used in our previous studies [23, 24, 25] namely data on the distant supernovae
(SNIa), the baryonic acoustic oscillations (BAO), the Hubble parameter at different redshifts,
H(zi), the large scale structure formation data (LSS), and the cosmic microwave background
(CMB). We denote this string of data as SNIa+BAO+H(z)+LSS+CMB. Precise information on
these data and corresponding observational references are given in the aforementioned papers and
are also summarized in the caption of Table 1. The main results of our analysis are displayed in
Tables 1-3 and Figures 1-5, which we will account in detail throughout our exposition.
We start by explaining our theoretical treatment of the φCDM model in order to optimally
confront it with observations. The scalar field φ is taken to be dimensionless, being its energy
density and pressure given by
ρφ =
M2pl
16pi
[
φ˙2
2
+ V (φ)
]
, pφ =
M2pl
16pi
[
φ˙2
2
− V (φ)
]
. (1)
Here Mpl = 1/
√
G = 1.22 × 1019 GeV is the Planck mass, in natural units. As a representative
potential we adopt the original Peebles & Ratra (PR) form [8]:
V (φ) =
1
2
κM2plφ
−α , (2)
in which κ and α are dimensionless parameters. These are to be determined in our fit to the overall
cosmological data. The motivation for such potential is well described in the original paper [8].
In a nutshell: such potential stands for the power-law tail of a more complete effective potential
in which inflation is also comprised. We expect α to be positive and sufficiently small such that
V (φ) can mimic an approximate CC that is decreasing slowly with time, in fact more slowly than
the matter density. Furthermore, we must have 0 < κ ≪ 1 such that V (φ) can be positive and
of the order of the measured value ρΛ0 ∼ 10−47 GeV4. In the late Universe the tail of the mildly
declining potential finally surfaces over the matter density (not far away in our past) and appears as
an approximate CC which dominates since then. Recent studies have considered the PR-potential
in the light of the cosmological data, see e.g. [30, 31, 32, 33, 34]. Here we show that the asset of
current observations indicates strong signs of dynamical DE which can be parametrized with such
potential. In this way, we corroborate the unambiguous signs recently obtained with independent
DE models [23, 24, 25] and with a similar level of confidence.
The scalar field of the φCDM models satisfies the Klein-Gordon equation in the context of the
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric: φ¨ + 3Hφ˙ + dV /dφ = 0, where H = a˙/a
is the Hubble function. In some cases the corresponding solutions possess the property of having
an attractor-like behavior, in which a large family of solutions are drawn towards a common
trajectory [9, 35, 36]. If there is a long period of convergence of all the family members to that
common trajectory, the latter is called a “tracker solution” [35, 36]. When the tracking mechanism
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Model Ωm ωb = Ωbh
2 ns h χ2min/dof
ΛCDM 0.294± 0.004 0.02255 ± 0.00013 0.976± 0.003 0.693 ± 0.004 90.44/85
Table 1: The best-fit values for the ΛCDM parameters (Ωm, ωb, ns, h). We use a total of 89 data points from
SNIa+BAO+H(z)+LSS+CMB observables in our fit: namely 31 points from the JLA sample of SNIa [37], 11 from
BAO [38, 39, 40, 41, 42, 43], 30 from H(z) [44, 45, 46, 47, 48, 49, 50], 13 from linear growth [41, 51, 52, 53, 54, 55, 56, 57, 58, 59],
and 4 from CMB [60]. For a summarized description of these data, see [24]. The quoted number of degrees of freedom (dof) is
equal to the number of data points minus the number of independent fitting parameters (4 for the ΛCDM). For the CMB data
we have used the marginalized mean values and standard deviation for the parameters of the compressed likelihood for Planck
2015 TT,TE,EE + lowP data from [60]. The parameter M in the SNIa sector [37] was dealt with as a nuisance parameter and
has been marginalized over analytically. The best-fit values and the associated uncertainties for each parameter in the table
have been obtained by numerically marginalizing over the remaining parameters [61].
is at work, it funnels a large range of initial conditions into a common final state for a long
time (or forever, if the convergence is strict). Not all potentials V admit tracking solutions, only
those fulfilling the “tracker condition” Γ ≡ V V ′′/(V ′)2 > 1 [35, 36], where V ′ = ∂V/∂φ. For the
Peebles-Ratra potential (2), one easily finds Γ = 1 + 1/α, so it satisfies such condition precisely
for α > 0.
It is frequently possible to seek power-law solutions, i.e. φ(t) = Atp, for the periods when
the energy density of the Universe is dominated by some conserved matter component ρ(a) =
ρ1 (a1/a)
n (we may call these periods “nth-epochs”). For instance, n = 3 for the matter-dominated
epoch (MDE) and n = 4 for the radiation-dominated epoch (RDE), with a1 the scale factor at
some cosmic time t1 when the corresponding component dominates. We define a = 1 as the current
value. Solving Friedmann’s equation in flat space, 3H2(a) = 8piGρ(a), we find H(t) = 2/(nt) as
a function of the cosmic time in the nth-epoch. Substituting these relations in the Klein-Gordon
equation with the Peebles-Ratra potential (2) leads to
p =
2
α+ 2
, Aα+2 =
α(α + 2)2M2plκn
4(6α + 12− nα) . (3)
From the power-law form we find the evolution of the scalar field with the cosmic time:
φ(t) =
[
α(α+ 2)2M2plκn
4(6α + 12 − nα)
]1/(α+2)
t2/(α+2) . (4)
In any of the nth-epochs the equation of state (EoS) of the scalar field remains stationary. A
straightforward calculation from (1), (2) and (4) leads to a very compact form for the EoS:
wφ =
pφ
ρφ
= −1 + αn
3(2 + α)
. (5)
Since the matter EoS in the nth-epoch is given by ωn = −1 + n/3, it is clear that (5) can be
rewritten also as wφ = (αωn − 2)/(α + 2). This is precisely the form predicted by the tracker
solutions [35, 36], in which the condition wφ < ωn is also secured since |α| is expected small. In
addition, wφ remains constant in the RDE and MDE, but its value does not depend on κ, only
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Model ωm = Ωmh2 ωb = Ωbh
2 ns α κ¯ χ2min/dof ∆AIC ∆BIC
φCDM 0.1403 ± 0.0008 0.02264 ± 0.00014 0.977 ± 0.004 0.219± 0.057 (32.5 ± 1.1) × 103 74.85/84 13.34 11.10
Table 2: The best-fit values for the parameter fitting vector (7) of the φCDM model with Peebles & Ratra potential (2),
including their statistical significance (χ2-test and Akaike and Bayesian information criteria, AIC and BIC, see the text). We
use the same cosmological data set as in Table 1. The large and positive values of ∆AIC and ∆BIC strongly favor the φCDM
model against the ΛCDM. The specific φCDM fitting parameters are κ¯ and α. The remaining parameters (ωm, ωb, ns) are
standard (see text). The number of independent fitting parameters is 5, see Eq. (7)– one more than in the ΛCDM. Using the
best-fit values and the overall covariance matrix derived from our fit, we obtain: h = 0.671 ± 0.006 and Ωm = 0.311 ± 0.006,
which allows direct comparison with Table 1. We find ∼ 4σ evidence in favor of α > 0. Correspondingly the EoS of φ at
present appears quintessence-like at 4σ confidence level: wφ = −0.931± 0.017.
on n (or ωn) and α. The fitting analysis presented in Table 2 shows that α = O(0.1) > 0 and
therefore wφ & −1. It means that the scalar field behaves as quintessence in the pure RD and MD
epochs (cf. the plateaus at constant values wφ & −1 in Fig. 1). Notice that the behavior of wφ in
the interpolating epochs, including the period near our time, is not constant (in contrast to the
XCDM, see next section) and requires numerical solution of the field equations. See also [62] for
related studies.
We can trade the cosmic time in (4) for the scale factor. This is possible using t2 = 3/(2piGn2ρ)
(which follows from Friedmann’s equation in the nth-epoch) and ρ(a) = ρ0a
−n = ρc0Ω a
−n, where
Ω = Ωm,Ωr are the present values of the cosmological density parameters for matter (n = 3) or
radiation (n = 4) respectively, with ρc0 = 3H
2
0/(8pi G) the current critical energy density. Notice
that Ωm = Ωdm + Ωb involves both dark matter and baryons. In this way we can determine φ as
a function of the scale factor in the nth-epoch. For example, in the MDE we obtain
φ(a) =
[
α(α+ 2)2κ¯
9× 104ωm(α+ 4)
]1/(α+2)
a3/(α+2) . (6)
Here we have conventionally defined the reduced matter density parameter ωm ≡ Ωm h2, in
which the reduced Hubble constant h is defined as usual fromH0 ≡ 100h ς, with ς ≡ 1Km/s/Mpc =
2.133 × 10−44GeV (in natural units). Finally, for convenience we have introduced in (6) the di-
mensionless parameter κ¯ through κM2P ≡ κ¯ ς2.
Equation (6) is convenient since it is expressed in terms of the independent parameters that
enter our fit, see below. Let us note that φ(a), together with its derivative φ′(a) = dφ(a)/da, allow
us to fix the initial conditions in the MDE (a similar expression can be obtained for the RDE). Once
these conditions are settled analytically we have to solve numerically the Klein-Gordon equation,
coupled to the cosmological equations, to obtain the exact solution. Such solution must, of course,
be in accordance with (6) in the pure MDE. The exact EoS is also a function wφ = wφ(a), which
coincides with the constant value (5) in the corresponding nth-epoch, but interpolates nontrivially
between them. At the same time it also interpolates between the MDE and the DE-dominated
epoch in our recent past, in which the scalar field energy density surfaces above the nonrelativistic
matter density, i.e. ρφ(a) & ρm(a), at a value of a near the current one a = 1. The plots for the
deceleration parameter, q = −a¨/aH2, and the scalar field EoS, wφ(a), for the best fit parameters
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Model Ωm ωb = Ωbh
2 ns h ν w0 w1 χ2min/dof ∆AIC ∆BIC
XCDM 0.312± 0.007 0.02264 ± 0.00014 0.977± 0.004 0.670 ± 0.007 - −0.916± 0.021 - 74.91/84 13.28 11.04
CPL 0.311± 0.009 0.02265 ± 0.00014 0.977± 0.004 0.672 ± 0.009 - −0.937± 0.085 0.064 ± 0.247 74.85/83 11.04 6.61
RVM 0.303± 0.005 0.02231 ± 0.00015 0.965± 0.004 0.676 ± 0.005 0.00165 ± 0.00038 -1 - 70.32/84 17.87 15.63
Table 3: The best-fit values for the running vacuum model (RVM), together with the XCDM and CPL parametrizations,
including also their statistical significance (χ2-test and Akaike and Bayesian information criteria, AIC and BIC) as compared
to the ΛCDM (cf. Table 1). We use the same string of cosmological SNIa+BAO+H(z)+LSS+CMB data as in Tables 1 and 2.
The specific fitting parameters for these models are ν,w0, and (w0, w1) for RVM, XCDM and CPL, respectively. The remaining
parameters are standard. For the models RVM and XCDM the number of independent fitting parameters is 5, exactly as in
the φCDM. For the CPL parametrization there is one additional parameter (w1). The large and positive values of ∆AIC and
∆BIC strongly favor the RVM and XCDM against the ΛCDM. The CPL is only moderately favored as compared to the ΛCDM
and much less favored than the φCDM, RVM and XCDM.
of Table 2 are shown in Fig. 1. The transition point from deceleration to acceleration (q = 0) is
at zt = 0.628, which is in good agreement with the values obtained in other works [63, 64], and
is also reasonably near the ΛCDM one (zΛCDMt = 0.687) for the best fit values in Tables 1 and 2.
The plots for φ(a) and the energy densities are displayed in Fig. 2. From equations (2) and (6) we
can see that in the early MDE the potential of the scalar field decays as V ∼ a−3α/(2+α) ∼ a−3α/2,
where in the last step we used the fact that α is small. Clearly the decaying behavior of V with
the expansion is much softer than that of the matter density, ρm ∼ a−3, and for this reason the
DE density associated to the scalar field does not play any role until we approach the current
time. This fact is apparent in Fig. 2 (right), where we numerically plot the dimensionless density
parameters Ωi(a) = ρi(a)/ρc(a) as a function of the scale factor, where ρc(a) = 3H
2(a)/(8piG) is
the evolving critical density.
As indicated above, the current value of the EoS can only be known after numerically solving
the equations for the best fit parameters in Table 2, with the result wφ(z = 0) = −0.931 ± 0.017
(cf. Fig. 1). Such result lies clearly in the quintessence regime and with a significance of 4σ. It
is essentially consistent with the dynamical character of the DE derived from the non-vanishing
value of α in Table 2.
In regard to the value of h, there is a significant tension between non-local measurements of
h, e.g. [3, 43, 65, 66, 67, 68, 69], and local ones, e.g. [70]. Some of these values can differ by 3σ
or more. For the ΛCDM model we find h = 0.693 ± 0.004 (cf. Table 1), which is in between the
ones of [3] and [70] and is compatible with the value presented in [71]. For the φCDM, our best-fit
value is h = 0.671 ± 0.006 (cf. caption of Table 2), which differs by more than 3σ with respect to
the ΛCDM one in our Table 1. Still, both remain perfectly consistent with the recent estimates
of h from Hubble parameter measurements at intermediate redshifts [72]. At the moment it is not
possible to distinguish models on the sole basis of H(z) measurements. Fortunately, the combined
use of the different sorts of SNIa+BAO+H(z)+LSS+CMB data offers nowadays a real possibility
to elucidate which models are phenomenologically preferred.
Let us now describe the computational procedure that we have followed for the φCDM model.
The initial conditions must be expressed in terms of the parameters that enter our fit. These are
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defined by means of the following 5-dimensional fitting vector:
pφCDM = (ωm, ωb, ns, α, κ¯) (7)
where ωb ≡ Ωb h2 is the baryonic component and ns is the spectral index. These two parameters are
specifically involved in the fitting of the CMB and LSS data (ωb enters the fitting of the BAO data
too), whereas the other three also enter the background analysis, see [23, 24, 25] and [73, 74, 75]
for more details in the methodology. For the φCDM we have just one more fitting parameter than
in the ΛCDM, i.e. 5 instead of 4 parameters (cf. Tables 1 and 2). However, in contrast to the
ΛCDM, for the φCDM we are fitting the combined parameter ωm = Ωmh
2 rather than Ωm and
h separately. The reason is that h (and hence H0) is not a direct fitting parameter in this case
since the Hubble function values are determined from Friedmann’s equation 3H2 = 8pi G(ρφ+ρm),
where ρφ is given in Eq. (1) and ρm = ρc0Ωma
−3 = (3×104/8piG)ς2 ωm a−3 is the conserved matter
component. This is tantamount to saying that h is eventually determined from the parameters of
the potential and the reduced matter density ωm. For instance, in the MDE it is not difficult to
show that
H¯2(a) =
κ¯ φ−α(a) + 1.2× 105 ωm a−3
12− a2φ′2(a) , (8)
where we have defined the dimensionless H¯ = H/ς, and used φ˙ = aH φ′(a). As we can see from
(8), the value of h ≡ H¯(a = 1)/100 is determined once the three parameters (ωm, α, κ¯) of the
fitting vector (7) are given, and then Ωm = ωm/h
2 becomes also determined. Recall that φ(a) is
obtained by solving numerically the Klein-Gordon equation under appropriate initial conditions
(see below) which also depend on the above fitting parameters. As a differential equation in the
scale factor, the Klein-Gordon equation reads
φ′′ + φ′
(
H¯ ′
H¯
+
4
a
)
− α
2
κ¯φ−(α+1)
(aH¯)2
= 0 . (9)
It can be solved after inserting (8) in it, together with
H¯ ′ = − 3
2aH¯
(
a2H¯2φ′2
6
+ 104 ωma
−3
)
. (10)
The last formula is just a convenient rephrasing of the expression H˙ = −4piG (ρm + pm + ρφ + pφ)
upon writing it in the above set of variables. According to (1), the sum of density and pressure for
φ reads ρφ + pφ = φ˙
2/(16piG) = a2H¯2φ′2ς2/(16piG), and of course pm = 0 for the matter pressure
after the RDE.
The initial conditions for solving (9) are fixed in the mentioned nth-epochs of the cosmic
evolution. They are determined from the values of the fitting parameters in (7). For example if
we set these conditions in the MDE they are defined from the expression of φ(a) in Eq. (6), and
its derivative φ′(a), both taken at some point deep in the MDE, say at a redshift z > 100, i.e.
a < 1/100. The result does not depend on the particular choice in this redshift range provided we
do not approach too much the decoupling epoch (z ≃ 1100), where the radiation component starts
to be appreciable. We have also iterated our calculation when we take the initial conditions deep
in the RDE (n = 4), in which the radiation component ρr dominates. In this case ωm = Ωmh
2 is
7
Figure 1: Left: The deceleration parameter q(z) for the recent Universe. The transition point where q(zt) = 0 is at
zt = 0.628, for the best fit values of Table 2. Right: The scalar field EoS parameter, wφ(a), for the entire cosmic history after
numerically solving the cosmological equations for the φCDM model with Peebles & Ratra potential using the best-fit values
of Table 2. The two plateaus from left to right correspond to the epochs of radiation and matter domination, respectively.
The sloped stretch at the end, which is magnified in the inner plot in terms of the redshift variable, corresponds to the recent
epoch, in which the scalar field density (playing the role of DE) dominates. We find wφ(z = 0) = −0.931 ± 0.017.
replaced by ωr = Ωrh
2, which is a function of the radiation temperature and the effective number
of neutrino species, Neff . We find the same results as with the initial conditions settled in the
MDE. In both cases the fitting values do agree and are those indicated in Table 2. Let us also
mention that when we start from the RDE we find that ρφ(a) ≪ ρr(a) at (and around) the time
of BBN (Big Bang Nucleosynthesis), where a ∼ 10−9, thus insuring that the primordial synthesis
of the light elements remains unscathed.
Consistency with BBN is indeed a very important point that motivates the Peebles & Ratra’s
inverse power potential φCDM, Eq. (2), together with the existence of the attractor solution.
Compared, say to the exponential potential, V (φ) = V0 e
−λφ/MP , the latter is inconsistent with
BBN (if λ is too small) or cannot be important enough to cause accelerated expansion at the
current time (if λ is too large) [9, 76]. This can be cured with a sum of two exponentials with
different values of λ [77], but of course it is less motivated since involves more parameters. Thus,
the PR-potential seems to have the minimal number of ingredients to successfully accomplish the
job. In point of fact, it is what we have now verified at a rather significant confidence level in the
light of the modern cosmological data.
Finally, let us mention that we have tested the robustness of our computational program
by setting the initial conditions out of the tracker path and recovering the asymptotic attractor
trajectory. This is of course a numerical check, which is nicely consistent with the fact that the
Peebles & Ratra potential satisfies the aforementioned tracker condition Γ > 1. More details will
be reported elsewhere.
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Figure 2: Same as Fig. 1, but for φ(a) and the density parameters Ωi(a). The crossing point between the scalar field density
and the non-relativistic matter density lies very close to our time (viz. ac = 0.751, equivalently zc = 0.332), as it should. This
is the point where the tail of the PR potential becomes visible and appears in the form of DE. The point zc lies nearer our
time than the transition redshift from deceleration to acceleration, zt = 0.628 (cf. q(z) in Fig. 1), similar to the ΛCDM.
3 XCDM and CPL parametrizations
The XCDM parametrization was first introduced in [26] as the simplest way to track a possible
dynamics for the DE. Here one replaces the Λ-term with an unspecified dynamical entity X,
whose energy density at present coincides with the current value of the vacuum energy density, i.e.
ρ0X = ρΛ0. Its EoS reads pX = w0 ρX , with w0 =const. The XCDM mimics the behavior of a scalar
field, whether quintessence (w0 & −1) or phantom (w0 . −1), under the assumption that such field
has an essentially constant EoS parameter around−1. Since both matter and DE are self-conserved
in the XCDM (i.e. they are not interacting), the energy densities as a function of the scale factor
are given by ρm(a) = ρ
0
m a
−3 = ρc0Ωm a
−3 and ρX(a) = ρ
0
X a
−3(1+w0) = ρc0(1 − Ωm) a−3(1+w0).
Thus, the Hubble function in terms of the scale factor is given by
H2(a) = H20
[
Ωm a
−3 + (1−Ωm) a−3(1+w0)
]
. (11)
A step further in the parametrization of the DE is the CPL prametrization [27, 28, 29], whose EoS
for the DE is defined as follows:
w = w0 +w1 (1− a) = w0 + w1 z
1 + z
, (12)
where z is the cosmological redshift. In contrast to the XCDM, the EoS of the CPL is not constant
and is designed to have a well-defined asymptotic limit in the early Universe. The XCDM serves
as a simple baseline to compare other models for the dynamical DE. The CPL further shapes
the XCDM parametrization at the cost of an additional parameter (w1) that enables some cosmic
evolution of the EoS. The Hubble function for the CPL in the MDE is readily found:
H2(z) = H20
[
Ωm (1 + z)
3 + (1− Ωm)(1 + z)3(1+w0+w1) e−3w1
z
1+z
]
. (13)
It boils down to (11) for w1 = 0, as expected. It is understood that for the RDE the term
Ωr(1+ z)
4 has to be added in the Hubble function. Such radiation term is already relevant for the
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analysis of the CMB data, and it is included in our analysis. The fitting results for the XCDM
and CPL parametrizations have been collected in the first two rows of Table 3. Comparing with
the φCDM model (cf. Table 2), we see that the XCDM parametrization also projects the effective
quintessence option at 4σ level, specifically w0 = −0.916±0.021. The CPL parametrization, having
one more parameter, does not reflect the same level of significance, but the corresponding AIC and
BIC parameters (see below) remain relatively high as compared to the ΛCDM, therefore pointing
also at clear signs of dynamical DE as the other models. Although the results obtained by the
XCDM parametrization and the PR-model are fairly close (see Tables 2 and 3) and both EoS values
lie in the quintessence region, the fact that the EoS of the XCDM model is constant throughout the
cosmic history makes it difficult to foresee if the XCDM can be used as a faithful representation of a
given nontrivial φCDM model, such as the one we are considering here. The same happens for the
extended CPL parametrization, even if in this case the EoS has some prescribed cosmic evolution.
In actual fact, both the XCDM and CPL parametrizations are to a large extent arbitrary and
incomplete representations of the dynamical DE.
4 RVM: running vacuum
The last model whose fitting results are reported in Table 3 is the running vacuum model (RVM).
We provide here the basic definition of it and some motivation – see [19, 20, 21] and references
therein for details. The RVM is a dynamical vacuum model, meaning that the corresponding EoS
parameter is still w = −1 but the corresponding vacuum energy density is a“running” one, i.e. it
departs (mildly) from the rigid assumption ρΛ =const. of the ΛCDM. Specifically, the form of ρΛ
reads as follows:
ρΛ(H) =
3
8piG
(
c0 + νH
2
)
. (14)
Here c0 = H
2
0 (1− Ωm − ν) is fixed by the boundary condition ρΛ(H0) = ρΛ0 = ρc0 (1−Ωm). The
dimensionless coefficient ν is expected to be very small, |ν| ≪ 1, since the model must remain
sufficiently close to the ΛCDM. The moderate dynamical evolution of ρΛ(H) is possible at the
expense of the slow decay rate of vacuum into dark matter (we assume that baryons and radiation
are conserved [25, 21]).
In practice, the confrontation of the RVM with the data is performed by means of the following
5-dimensional fitting vector:
pRVM = (Ωm, ωb, ns, h, ν) . (15)
The first four parameters are the standard ones as in the ΛCDM, while ν is the mentioned vacuum
parameter for the RVM. Although it can be treated in a mere phenomenological fashion, formally ν
can be given a QFT meaning by linking it to the β-function of the running ρΛ [19, 20]. Theoretical
estimates place its value in the ballpark of ν ∼ 10−3 at most [22], and this is precisely the order of
magnitude pinned down for it in Table 3 from our overall fit to the data. The order of magnitude
coincidence is reassuring. Different realizations of the RVM are possible [23, 24, 25, 21], but here
we limit ourselves to the simplest version. The corresponding Hubble function in the MDE reads:
H2(z) = H20
[
1 +
Ωm
1− ν
(
(1 + z)3(1−ν) − 1
)]
. (16)
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Figure 3: The LSS data on the weighted linear growth rate, f(z)σ8(z), and the predicted curves by the various models,
using the best-fit values in Tables 1-3. The XCDM and CPL lines are not shown since they are almost on top of the φCDM
one. The values of σ8(0) that we obtain for the different models are also indicated.
It depends on the basic fitting parameters (Ωm, h, ν), which are the counterpart of (ωm, α, κ¯) for
the φCDM. The remaining two parameters are common and hence both for the RVM and the
φCDM the total number of fitting parameter is five, see (7) and (15). Note that for ν = 0 we
recover the ΛCDM case, as it should be expected.
5 Structure formation
A few observations on the analysis of structure formation are in order, as it plays a significantly role
in the fitting results. On scales well below the horizon the scalar field perturbations are relativistic
and hence can be ignored [8]. As a result in the presence of non-interacting scalar fields the usual
matter perturbation equation remains valid [17]. Thus, for the φCDM, XCDM and CPL models
we compute the perturbations through the standard equation [78]
δ¨m + 2H δ˙m − 4piGρm δm = 0 , (17)
with, however, the Hubble function corresponding to each one of these models – see the formulae
in the previous sections.
For the RVM the situation is nevertheless different. In the presence of dynamical vacuum, the
perturbation equation not only involves the modified Hubble function (16) but the equation itself
becomes modified. The generalized perturbation equation reads [73, 74, 75]:
δ¨m + (2H +Ψ) δ˙m −
(
4piGρm − 2HΨ− Ψ˙
)
δm = 0 , (18)
where Ψ ≡ −ρ˙Λ/ρm. As expected, for ρΛ =const. we have Ψ = 0 and Eq. (18) reduces to the
standard one (17). To solve the above perturbation equations we have to fix the initial conditions
for δm and δ˙m for each model at high redshift, say at zi ∼ 100 (ai ∼ 10−2), when non-relativistic
matter dominates over the vacuum – confer Ref. [73, 74, 75].
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Figure 4: Left: Likelihood contours for the φCDM model in the (ωm,α)-plane after marginalizing over the remaining
parameters (cf. Table 2). The various contours correspond to 1σ, 2σ, 3σ, 4σ and 5σ c.l. The line α = 0 corresponds to
the concordance ΛCDM model. The tracker consistency region α > 0 (see the text) is clearly preferred, and we see that it
definitely points to dynamical DE at ∼ 4σ confidence level. Right: Reconstruction of the aforementioned contour lines from
the partial contour plots of the different SNIa+BAO+H(z)+LSS+CMB data sources using Fisher’s approach [61]. The 1σ and
2σ contours are shown in all cases, but for the reconstructed final contour lines we include the 3σ, 4σ and 5σ regions as well.
For the reconstruction plot we display a larger ωm-range to better appraise the impact of the various data sources.
Let us also note that, in all cases, we can neglect the DE perturbations at subhorizon scales.
We have already mentioned above that this is justified for the φCDM. For the RVM it can be shown
to be also the case, see [73, 74, 75]. The situation with the XCDM and CPL is not different, and
once more the DE perturbations are negligible at scales below the horizon. A detailed study of this
issue can be found e.g. in Ref. [79, 80], in which the so-called ΛXCDM model is considered in detail
at the perturbations level. In the absence of the (running) component Λ of the DE, the ΛXCDM
model reduces exactly to the XCDM as a particular case. One can see in that quantitative study
that at subhorizon scales the DE perturbations become negligible no matter what is the assumed
value for the sound velocity of the DE perturbations (whether adiabatic or non-adiabatic).
The analysis of the linear LSS regime is conveniently implemented with the help of the weighted
linear growth f(z)σ8(z), where f(z) = d ln δm/d ln a is the growth factor and σ8(z) is the rms mass
fluctuation amplitude on scales of R8 = 8h
−1 Mpc at redshift z. It is computed as follows:
σ8(z) = σ8,Λ
δm(z)
δΛm(0)
√ ´
∞
0 k
ns+2T 2(p, k)W 2(kR8)dk´
∞
0 k
ns,Λ+2T 2(pΛ, k)W 2(kR8,Λ)dk
, (19)
where W is a top-hat smoothing function and T (p, k) the transfer function (see e.g. [73, 74, 75]
for details). Here p stands for the corresponding fitting vector for the various models, as indicated
in the previous sections. In addition, we define a fiducial model, which we use in order to fix the
normalization of the power spectrum. For that model we take the ΛCDM at fixed parameter values
from the Planck 2015 TT,TE,EE+lowP+lensing analysis [3]. Such fiducial values are collected in
the vector pΛ = (Ωm,Λ, ωb,Λ, ns,Λ, hΛ). In Fig. 3 we display f(z)σ8(z) for the various models using
the fitted values of Tables 1-3 following this procedure.
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Figure 5: Likelihood contours for the φCDM model (left) and the XCDM parametrization (right) in the relevant planes
after marginalizing over the remaining parameters in each case (cf. Tables 2 and 3). The various contours correspond to 1σ,
2σ, 3σ, 4σ and 5σ c.l. The central values in both cases are ∼ 4σ away from the ΛCDM, i.e. α = 0 and w0 = −1, respectively.
6 Discussion and conclusions
The statistical analysis of the various models considered in this study is performed in terms of a
joint likelihood function, which is the product of the likelihoods for each data source and including
the corresponding covariance matrices, following the standard procedure [17, 61]. The contour
plots for the φCDM and XCDM models are shown in Figures 4 and 5, where the the dynamical
character of the DE is clearly demonstrated at ∼ 4σ c.l. More specifically, in the left plot of Fig. 4
we display the final contour plots for φCDM in the plane (ωm, α) – defined by two of the original
parameters of our calculation, cf. Eq. (7) – together with the isolated contours of the different data
sources (plot on the right). It can be seen that the joint triad of observables BAO+LSS+CMB
conspire to significantly reduce the final allowed region of the (ωm, α)-plane, while the constraints
imposed by SNIa and H(z) are much weaker. Finally, for the sake of convenience, in Fig. 5 we
put forward the final φCDM and the XCDM contours in the more conventional (Ωm, α)-plane. As
for the RVM, see the contours in [24, 25] and [21], where a dynamical DE effect & 4σ is recorded.
As noted previously, the three models φCDM, XCDM and RVM have the same number of pa-
rameters, namely 5, one more than the ΛCDM. The CPL, however, has 6 parameters. Cosmological
models having a larger number of parameters have more freedom to accommodate observations.
Thus, for a fairer comparison of the various nonstandard models with the concordance ΛCDM we
have to invoke a suitable statistical procedure that penalizes the presence of extra parameters.
Efficient criteria of this kind are available in the literature and they have been systematically used
in different contexts to help making a selection of the best candidates among competing models
describing the same data. For a long time it has been known that the Akaike information crite-
rion (AIC) and the Bayesian information criterion (BIC) are extremely valuable tools for a fair
statistical analysis of this kind. These criteria are defined as follows [81, 82, 83]:
AIC = χ2min +
2nN
N − n− 1 , BIC = χ
2
min + n lnN , (20)
where n is the number of independent fitting parameters and N the number of data points. The
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larger are the differences ∆AIC (∆BIC) with respect to the model that carries smaller value of AIC
(BIC) the higher is the evidence against the model with larger value of AIC (BIC) – the ΛCDM in
all the cases considered in Tables 2-3. The rule applied to our case is the following [81, 82, 83]: for
∆AIC and ∆BIC in the range 6− 10 we can speak of “strong evidence” against the ΛCDM, and
hence in favor of the given nonstandard model. Above 10, one speaks of “very strong evidence”.
Notice that the Bayes factor is e∆BIC/2, and hence near 150 in such case.
A glance at Tables 2 and 3 tells us that for the models φCDM, XCDM and RVM, the values of
∆AIC and ∆BIC are both above 10. The CPL parametrization has only one of the two increments
above 10, but the lowest one is above 6, therefore it is still fairly (but not so strongly) favored as the
others. We conclude from the AIC and BIC criteria that the models φCDM, XCDM and RVM are
definitely selected over the ΛCDM as to their ability to optimally fit the large set of cosmological
SNIa+BAO+H(z)+LSS+CMB data used in our analysis. Although the most conspicuous model
of those analyzed here appears to be the RVM (cf. Tables 2 and 3), the scalar field model φCDM
with Peebles & Ratra potential also receives a strong favorable verdict from the AIC and BIC
criteria. Furthermore, the fact that the generic XCDM and CPL parametrizations are also capable
of detecting significant signs of evolving DE suggests that such dynamical signature is sitting in
the data and is not privative of a particular model, although the level of sensitivity does indeed
vary from one model to the other.
To summarize, the current cosmological data disfavors the hypothesis Λ =const. in a rather
significant way. The presence of DE dynamics is confirmed by all four parametrizations consi-
dered here and with a strength that ranges between strong and very strong evidence, according
to the Akaike and Bayesian information criteria. Furthermore, three of these parametrizations
are able to attest such evidence at ∼ 4σ c.l., and two of them (φCDM and RVM) are actually
more than parametrizations since they are associated to specific theoretical frameworks. The four
approaches resonate in harmony with the conclusion that the DE is decreasing with the expansion,
and therefore that it behaves effectively as quintessence.
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